The paper presents a generalized buoyancy model for application in wells, called the generalized Archimedes' principle. There exists confusion in the oil industry about buoyancy effects as related to the force-area method (also known as piston force method) or the Archimedes' principle, the stability force in buckling and axial forces during well intervention operations. This paper will present a general model called the generalized Archimedes' principle, which is valid for all cases. Using the generalized Archimedes' principle, a correct assessment of the real axial load of the pipe is obtained, a critical factor for tubular work in petroleum wells. The model is also significant as it is simple and can be applied to all well operations. The paper presents examples of application to ordinary drilling operations, deviated wells and different fluid densities inside and outside the pipe. Two field cases are presented to demonstrate the use of the generalized Archimedes' principle in torque and drag analysis.
Introduction
Buoyancy is a very important effect in deep petroleum wells. It is actually a design parameter, where the density of the wellbore fluids is selected to meet several design criteria. The most simple buoyancy calculation is named after the Greek scientist Archimedes of Syracuse. It simply states that buoyancy is equal to the volume of the displaced fluids.
Perhaps the most important publication regarding oil well buoyancy was written by Klinkenberg (1951) . At that time several views existed, and Klinkenberg showed that the neutral point can be defined as: "A neutral zone is one in which the stress distribution is isotropic, being the locus of points where the three principal normal stresses are equal". In a discussion in the same paper, Dr. Lubinski and Hawkins supported the view, whereas Woods actually extended the definition to be valid for cases with different fluid densities on the outside and the inside of a pipe. This paper forms the basis for today's understanding of buoyancy, and its implication to pipe failure, pipe buckling and collapse of pipes. The definition of the neutral point in a tubular is fundamental for the buoyancy discussion, and Lubinski (1974) definitions are much used.
In 1980 Goins published two articles (Goins 1980a and 1980b ) about this issue. Although not adding fundamental knowledge, Goins managed to show the physics of buoyancy in a simple way, which was an important contribution. In the first article Goins (1980a) showed that "buoyancy is equal to the weight of the displaced fluid" is not always true. Another condition is required, namely that a projected area is required for the fluid pressure to obtain buoyancy. The second article (Goins 1980b) shows calculation procedures and numerical examples that have been widely used because of its clarity. Patillo and Randall (1980) performed a review of buoyancy models, and identified the confusion in industry with respect to identifying the neutral point of a tubular. They conclude that the force-area method must be used with caution, and they provide considerable insight into buoyancy effects. Aadnoy and Kaarstad (2006) reviewed the fundamental principles as applied to petroleum engineering. Recently Mitchell (2009) presented a fundamental analysis of buoyancy where he included curved boreholes and effects of dynamic flow inside and outside of a pipe. He suggested that effects of fluid motion often are negligible.
The above-cited references have had impact on petroleum engineering applications. As it is not the intention to perform a full literature review, we apologize to other authors of buoyancy issues not mentioned.
Fundamental physics of buoyancy

Archimedes' principle
The Greek scientist Archimedes (~300 B.C.) discovered that the buoyancy of a body equals the weight of the displaced fluid in which it floats. For many applications this definition is sufficient, however, to resolve all problems a more generalized approach must be taken.
The gravitational force acts downwards. Buoyancy is a surface force acting on a body in the opposite direction of the gravitational force. For this reason, it is only pressure acting on the projected vertical area that contributes to buoyancy. The buoyancy force exerted on the body can be calculated by integrating the stress tensor over the surface of the body which is in contact with the fluid:
Integration over a projected surface may become cumbersome for irregular geometries. For an arbitrary body, assume a vertical prism of height, h, is cut. The buoyant force equals the difference between the bottom and top force acting on the prism. This force is the hydrostatic pressure times the projected area. Thus, the surface integral is transformed into a volume integral with the help of the Gauss divergence theorem, and the buoyant force becomes:
It can be shown that Eqn. 1 is equal to the weight of the displaced fluid. There are certain conditions for which Eqn. 2 is valid. The fluid must have access to the surface of the body, and the body forces are external forces, which may not reflect the inner forces in the body. Goins (1980a) demonstrated that a projected area is required in order to obtain buoyancy.
The submerged weight of a wellbore tubular is obtained by multiplying the weight in air by a buoyancy factor, .
See Appendix B for derivations. The following equations are valid both for vertical and deviated boreholes.
Suspended weight in mud Weight in air 1
The above equation is valid if the inside and the outside of the pipe are submerged in the same fluid. If a different density exists on the inside and the outside, the following equation results (Aadnoy 2006 ):
1
For a string composed of many pipe sizes, the effective axial force at any depth and the general expression for the overall buoyancy for a composite string consisting of n elements is:
Using Eq. 5 one computes the buoyancy factor starting from the bottom of the string. At any given depth, the axial weight is equal to the pipe weight below multiplied by the buoyancy factor at that depth. An illustrative example is shown in Example 4.6.
Note that both Eq. 4 and Eq. 5 can be applied for a composite string, but that the method is different. Eq. 4 defines the local buoyancy factor for a string element, while Eq. 5 defines the overall buoyancy factor for the string below the point of interest. The difference in application is demonstrated in Examples 4.2 and 4.6.
The piston force approach
the piston force or the force-area method. These two approaches give the same pipe weight at surface but may give different loadings throughout the drill string. Considerable confusion exists in the oil industry regarding which criterion is correct.
The piston force is obtained by setting up a force balance. At each size transition a force is obtained equal to the pressure multiplied by the exposed area. This is a one-dimensional approach. If the stability force is subtracted this method yields the same result as the Archimedes' principle (Aadnoy 2006) . If this correction is not performed the approach is wrong.
What is the correct axial tension?
There has been considerable debate over the years about the definition of the correct axial tension. Advocates of the force-area method argue that the "real" string tension is given by the summation of forces in the axial direction. Advocates of the Archimedes' principle argue that they calculate the "effective" tension. However, if the "fictitious" force (Lubinski 1974) (also called stability force or buckling force) is subtracted from the force-area, they obtain the same result. This is the correct application of the force-area method.
We will argue that the correct definition of tension depends on the failure criterion chosen because we mainly use axial load in failure assessments. As pure hydrostatic (isotropic) loading of a tubular does not lead to failure it is of no interest. However, failure of metals is governed by distortion as explained in the following.
Mechanistic Approach
Definitions of tubular failure
An object may be subjected to compressive, tensile, bending and/or torsional load. From the following equation the magnitude of the principal stresses may be determined (Boresi and Schmidt, 2003) :
where I 1 , I 2 and I 3 are the stress invariants.
Further, a total stress state can be decomposed into a hydrostatic and a deviatoric stress component as follows:
and a principal stress equation similar to Eqn. 6 above results. However, the invariants are now defined as J 1 , J 2 and J 3 . In particular J 2 is used for failure considerations.
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The principle stresses, 1,2,3 , are defined by the tangential, radial and axial stress components. Some variants of J 2 are the octahedral shear stress, the von Mises and the Henky-von Mises failure models (Boresi and Schmidt, 2003) . In this paper we have not taken into account torsion of the string, but incorporating the shear stress components when calculating the principle stress values in Eq. 8 can include this.
Metals like steel are very strong if loaded hydrostatically, and an eventual failure is due to shear or distortion. Soft rocks, on the other hand may also fail due to hydrostatic loading. Table 1 define likely failure scenario in terms of stress invariants.
We now redefine the issue by defining load in terms of failure mode, instead of searching for the "correct" stress value. For the present case, failure of tubular, we will consider the second deviatoric invariant.
Pipe stresses
The radial and tangential stresses on a thick-walled cylinder can be expressed as:
One property of these equations is that the sum of the tangential and the radial stresses are constant across the cross-sectional area of the cylinder.
2
This result has many implications as follows.
Comparing the general law of Archimedes (Eqn. 4) to the average cross-sectional stress (Eqn. 10), we observe that they are similar.
Eqn. 10 is identical to the "stability forces" or the "fictitious forces" used in buckling analysis.
Using the piston force approach and subtracting Eqn. 10 gives the law of Archimedes.
Eqn. 10 can therefore be defined as the average hydrostatic stress.
In other words, solving for the deviatoric stress, Eqn. 7, by subtracting the average hydrostatic stress, Eqn. 10, we obtain the same axial stress as given by the Archimedes' principle. This stress assessment is valid for all types of failure considerations, shear failure, tensile failure, pipe buckling and collapse of pipe. Equation 4 can be used to compute the submerged weight of any body that is exposed to buoyant forces. There are, however, other effects to consider as well.
Applying wellhead pressures
During live well intervention, a surface pressure is often applied to the annulus or to the drill pipe. Aadnoy (2006) analyzed these cases and found that the generalized law of Archimedes still applies, but end reactions due to surface pressures must be added. Appendix C shows the derivation of these effects. The results are as follows:
3.3.1 Surface pressure applied to the inside of the tubular
In this case the weight of the string remains unchanged, but an additional axial tension is set up in the string due to the internal pressure P. This for ce is:
Surface pressure applied to the outside of the tubular
If a surface pressure is applied in the annulus only (i.e. tubular closed at bottom), the axial stress remains constant. However, a lift is provided due to a piston effect at the bottom of the pipe. The piston force can simply be computed by calculating the product of P and the projected area at each change in pipe size (see Fig. 1 ).
The net result at surface is the pressure multiplied by the area at the pipe exit, i.e. the wellhead.
Δ Δ Δ
3.3.3 Surface pressure applied to both sides of the tubular Aadnoy (2006) analyzed the case if a surface pressure is applied both in the annulus and inside the pipe. The result is no change in axial stress, but a lift (hook load reduction) given by Eqn. 12.
Please observe that the solutions above are valid only inside the well. For the pipe outside the well (above the wellhead), there is no external pressure and therefore a different stress state exists.
Summary of buoyancy related issues
To summarize the applications of the models presented:
The general Archimedes' principle is valid for all cases involving tubular submerged in fluids. It gives correct axial load both for tensile strength, buckling and casing collapse analysis. It is valid both for vertical and deviated wells.
The weight of a string in a deviated well is given by the unit weight (N/m) multiplied by the projected height (Aadnoy et. al., 2003) , all multiplied by the buoyancy factor (see Appendix A).
There is always buoyancy in a well (see Appendix B).
For buckling calculations, the generalized law of Archimedes is equivalent to the force-area method corrected for fictitious or stability forces. For a free hanging drill string, the neutral point is at bottom of the pipe.
Applying a surface pressure the following end effects must be added:
Surface pressure inside the pipe have no effect on hook load, but increases tension equal to pressure times pipe internal area.
Surface pressure on the outside or both sides of the tubular is not affecting axial stress, but results in reduced hook load equal to pressure multiplied with pipe exit area.
Applications of buoyancy to petroleum wells
As the generalized Archimedes' principle is valid for all cases, it is simple to use. In the following, different applications are demonstrated using numerical examples. See Tables 2 and 3 for well data. Please observe that we have applied the projected height concept (Appendix A) for static weight calculations.
Example calculation: Buoyancy in deviated well
The hook load when the cement fills the annulus, and the string is filled with 1.5 s.g. mud.
Again, using equation 4, the buoyancy factors are calculated. The increased density of the annular fluid results in a decreased buoyancy factor (i.e. increased buoyancy force). Having buoyancy factors of 0.76 for the drill pipe and 0.70 for the drill collars, the following hook load result:
0.70 · 2.13 100 0.76 · 0.294 2000 573
We observe that for case i) with heavy cement inside the pipe, the hook load increases; whereas for case ii) when the cement is displaced to the outside, the hookload is lower.
Example calculation: Applying pump pressure inside drill string
During drilling the pump pressure applied is 300bar (3 kN/cm 2 ). Pressurizing the string has no effect on buoyancy. However, an internal tension is set up inside the drill string. This tension is equal to the pressure multiplied with the internal area of the pipe. The increased tensions become:
In the drill collar: 3 3 2 2.54 137
In the drill pipe: 3 4 2 2.54 243
Example calculation: Shut-in and pressurized annulus
Assume that the wellhead is shut in and a pressure of 50bar (0.5kN/cm 2 ) is applied in the annulus. Assume static pipe, that is, no friction at the shut-in point. As discussed earlier, the same effect results if the pipe is open or closed. The effective axial stress remains constant, but an end reaction is set up resulting in a reduced hook load. This reduction is equal to the shut-in pressure multiplied with the exit area at the wellhead, that is:
The hook load is now 649kN -63kN = 586kN.
Example calculation: Well intervention operations
The traditional way to compute forces during well intervention operations is to use the piston-force approach, which implies computing total forces and subtracting the stability forces. We will propose an alternative method by simply using the buoyancy factor and to add end reactions. Example 4.4 illustrates the application of this simple principle. The results are of course identical.
One can easily determine the "pipe light" condition where the pressure is pushing the pipe out of the well by the following force balance:
Example calculation: Buoyancy in a tapered string
The composite equation Eq. 5 is very useful to determine the axial load throughout a tubular from bottom to top. As real drilling or production strings often consists of various tubular sizes, it can be useful to know the exact axial load of each component.
Below a simple example is given to demonstrate the application of Eq. 5. Table 4 defines a tapered string, landed in a 1.4 s.g. drilling mud. The inside of the drilling string is filled with 1.8 s.g. mud.
Applying Eq. 5 the overall buoyancy factor can be calculated throughout the string. Table 5 gives the result. See Appendix D for details on how the overall buoyancy factors are calculated.
Assuming the bit off bottom, the axial force on top of the drill collars is:
0.83 · 2.13 100 177
The axial force at top of the HWDP becomes:
0.84 · 2.13 100 0.62 300 335
The axial load at top of 5in DP becomes: Figure 2 show both the cumulative buoyancy factor and the axial load throughout the drill string.
Field cases
To verify the effectiveness of the model we present two field cases where the buoyancy effect is prominent. When running in hole (RIH) with a drill string, a float valve is often used. The float valves provide added blowout protection at the bottom of the drill string, prevent flow-back when making connections and keeps cuttings out of the drill string. It is important to fill the drill pipe regularly (e.g. every 1000 mMD) when RIH. Failure to do so will increase the collapse load on the drill string and can cause damage to the drill pipe and/or the float valve. In a depth plot there is a step change in the hook load every time the pipe is being filled (see Figures 4 and 6 ).
In the following field cases two North Sea wells with different well profiles are studied. For calculating the hook load while RIH, an analytical 3-dimensional torque and drag model (Aadnoy et. al. 2009 ) was applied.
Field case #1
The first well is a 5300 mMD long horizontal well. It kicks off from 350 mMD and builds to 30 degrees at 1200 mMD. Then there is a sail section down to 2750 mMD. The second build section ends horizontally at about 4500 mMD. A more detailed study of the drag forces in this well can be found in Mirhaj et. al. (2010a) .
During RIH of this well the pipe is filled with mud every 1000 mMD. The drill string must now be projected onto the vertical depth axis before equation (5) can be used to calculate the buoyancy factor through the drill string (see Example 4.6 for example calculation). This exercise is repeated as the drill string is RIH. The result is shown in figure 3 where the overall buoyancy factor is plotted as a function of the bit depth.
However, for a given bit depth the local cumulative buoyancy factor through the drill string will vary as function of depth as shown in figure 2. The result is that when we calculate the axial load on the drill string, the local buoyancy factor applied on a drill string element is found from the cumulative buoyancy factor curve at the depth of interest. The local buoyancy factor at a given depth will therefore vary depending on the bit depth. Hence, the buoyancy factor is a dynamic parameter that is changing as the drill string is RIH. When calculating the local buoyancy factor on a drill string that is lifted or lowered, we may say that a dynamic buoyancy factor (DBF) model is applied. Figure 3 clearly shows that there is a large variation in the overall buoyancy factor depending on the amount of air in the drill string. Obviously, this variation in buoyancy factor will be reflected in the hook load as the drill string is being RIH. Figure 4 shows the recorded hook load data together with the modelled lowering force while RIH. For comparison, also the modelled data using one single buoyancy factor is included.
The modelled data using the DBF model clearly give a better match than the single buoyancy factor model. Using the DBF enables us to accurately predict the naturally step-shaped hook load while RIH so that other factors affecting the hookload may be recognized at an early stage.
Field case #2
Well number 2 is a shallow horizontal well with large turns in both upper and lower part of the well. The well kicks off from about 400 mMD and builds up to horizontal at 2300 mMD at 1600 mTVD. The last run in the well went from 3000 mMD to 5000 mMD. Also for this well a more detailed study of the drag forces is performed by Mirhaj et. al. (2010b) .
As for the previous field case, there is a large variation in the overall buoyancy factor with increasing bit depth. However, there is one distinct difference. Because of the shallow vertical depth of this well, the effect of buoyancy in this well is higher at large bit depths. This can be seen in figure 5 where the overall buoyancy factor is plotted against the bit depth.
The DBF model can now be applied to calculate the lowering force of the drill string while RIH. Figure 6 shows how the modelled data fits the recorded hookload data when applying the DBF model. The simplicity of applying the DBF model into the 3-dimensional torque and drag model clearly proves it to be a powerful tool for accurate torque and drag calculations.
Summary of field cases
Field cases 1 and 2 have demonstrated the need for correct buoyancy factors in drag calculations when there are different fluids densities present in the hydraulic system. In these field cases the fluids were mud and air, but the equation is general and any combination of fluids can be applied depending on the operation being analyzed.
Summary and conclusions
The paper presents a generalized buoyancy model for application in wells called the generalized law of Archimedes, which is valid for both vertical and deviated wells, tubular with different fluid densities in-/outside, and if surface pressures are applied.
Different numerical examples of the different application scenarios are given in the paper. Also, two North Sea field cases demonstrate the need for correct assessment of the dynamic buoyancy factor when modelling the lowering force of the drill string during running in hole.
Using the generalized law of Archimedes, a correct assessment of the real axial load of the pipe is obtained, a critical factor for tubular work in petroleum wells. The model is also significant as it is simple and can be applied to all well operations. This is an important result. As the weight of the pipe at surface equals the unit weight multiplied with the entire length, the weight in the well is given by the unit weight multiplied with the projected height. Using this concept it is easy to assess the hook load by the pipe weight and the projected height. This is valid for any well path.
Nomenclature
The above equation neglects friction. For a pipe in motion combining eqns. A.1 and A.2 we obtain the normal force:
tan Eqn. A.4 is useful when well friction is considered. Please observe that the above derivations do not take buoyancy into account. In the following the buoyancy factor will be derived. The axial weight in the well is then Eqn. A.3 multiplied with the buoyancy factor. The unit weight is expressed as a product of the density of the tubular material multiplied with the cross-sectional area and the length.
When submerged in a fluid, a hydrostatic force acts on the bottom surface providing a lift. This force is equal to the bottom-hole pressure multiplied with the cross-sectional area of the pipe, or:
The net pipe weight is the difference between the surface pipe weight and the buoyant force or:
Now defining the buoyant force as a buoyancy factor, , multiplied with the surface pipe weight:
The buoyancy factor can then be expressed as:
2 Deviated pipe Figure B -2 shows the pipe submerged into a deviated well. Observe that both the weight (gravity) and the piston force on the pipe element act in a vertical direction. The piston force is now acting on the projected pipe area. Eqn. A.1 defines the axial and normal components of the pipe weight. The weight and the buoyant force always act in opposite directions on a pipe, regardless of pipe orientation. Also, they act of the very same areas (Archimedes defines buoyancy as the weight of the displaced fluid.) Therefore, the buoyancy factor is equally valid for deviated wells as for vertical wells. One difference is that for the vertical well, the buoyancy acts at the bottom end of the pipe, whereas for a deviated well the buoyant force is distributed throughout the length of the pipe.
B.3 Effect of end condition for deviated pipe
If an open-ended pipe is rammed into the bottom of a perfectly straight vertical well, it is theoretically possible that buoyancy is lost, and that the hook loads seen is the surface weight of the string. For this case, the bottom pressure has no longer access to the bottom of the pipe, and there is no projected area of the pipe to provide buoyancy. A real well is never perfectly vertical, and therefore some projected area will be exposed to provide buoyancy. With reference to Figure B -2, full buoyancy is obtained if the pipe deviates from vertical providing one cross-sectional area projected. Real wells deviate from perfect vertical wells by doglegs or deviation. It is therefore our opinion that buoyancy will always be present, whether the pipe end is exposed to pressure or not. Figure B -4 shows that the buoyant forces are always distributed throughout the string. The reason is the projected surface is found from bottom to top. The case of a perfect straight pipe exposing only the end surface is not expected to occur in a real well and is therefore neglected. Based on this we can conclude that there is always buoyancy present in a liquid filled well.
Appendix C -Effects of shut-in wellhead pressure
The generalized law of Archimedes defines the axial loading for all cases involving buoyancy effects. If a surface pressure is applied inside the string or in the annulus it should be evaluated as an end reaction to be added to the buoyed weight of the pipe. A schematic view of surface applied pressures is shown in Figure C -1. The resulting pressures in the drill pipe and annulus are shown in Table C-1. Now assume a drill string as shown in Figure C -2, subjected to the loadings described in Table C-1. For each case the uniaxial forces (piston force), average hydrostatical force and the deviatoric force is calculated for the different components of the drill string. The calculated values of the respective forces are shown in Tables C.1 -C.3. Aadnoy (2006) shows the effect of end reactions on the uniaxial forces and deviatoric forces in the following way. C.1 Surface pressure applied inside the string Comparing the expressions in Table C -2 with the results of Appendix B, it is clear that the buoyed weight of the drill string remains constant when a surface pressure is applied inside the drill string. The weight is still given by the principle of Archimedes. The three-dimensional stress state is changed, however, due to the internal surface pressure, and must be taken into account in failure calculations of the drill pipe. The axial tension increase due to the inside surface pressure is equal to Pr i,n 2 , where n is the pipe element under consideration. For uniaxial failure considerations, this force should be added. C.2 Surface pressure applied in the annulus The net result shown in Table C -3 is that the deviatoric loading is the same whether or not a surface pressure is applied. However, an end reaction is set up providing a lifting force. Hook load reduction is equal to the surface pressure times the exit area of the pipe (see Figure C-2b) . C.3 Surface pressure on both sides of the string For this case, the additional surface pressure will again cause a lifting force in the string as in the previous case. Comparing the expressions in Table C -4 with the results of Eq. A.2, it is clear that the deviatoric force remains constant when a surface pressure is applied inside and outside the drill string. The deviatoric force is given by the principle of Archimedes. The hookload, as seen on surface, decreases. Appendix D -Determination of overall buoyancy factor (ref. Example calculation 4.6) In Example 4.6 the axial load is calculated throughout a tapered string from bottom to top. For determination of the axial load at a given depth, the overall buoyancy factor is applied at that given depth. As an arithmetic exercise and to demonstrate the application, this appendix gives the mathematical details on how to calculate the overall buoyancy factors. Because the overall buoyancy factor at a given depth depends on all the elements below that depth one has to calculate from bottom to top. Given a tapered drill string as described in Table 4 , 4 different buoyancy factors have to be determined (see Tables D-1 and D-2) . Applying Eq. 5, the following buoyancy factors result (note that diameters are used instead of radii as this will give the same result) as shown in Table D Table D 
